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1.

(a) Let X : Ω → R be a random variable such that X ≡ 0, i.e. for any
ω ∈ Ω X(ω) = 0., Prove that σ(X) = {∅,Ω}.
(b) Let G := {∅,Ω}, and X : Ω → R be G-measurable. Prove that X ≡ c for
some constant c ∈ R.

2.

Let (Ω,F , P ) be a probability space and let F = (Fn)n≥0 be a filtration. Given
an F-predictable process (Hn)n≥0, which is uniformly bounded, and an F-
martingale (Xn)n≥0, we define a process (Vn)n≥0 by

V0 := 0, Vn :=
n∑

k=1

Hk(Xk −Xk−1).

Prove that (Vn)n≥0 is still an F-martingale.

3.

Let (Ω,F , P ) be a probability space and let F = (Fn)n≥0 be a filtration. Given
an F-submartingale (Xn)n≥0, we define

∆An := E[Xn|Fn−1]−Xn−1, ∆Mn := Xn − E[Xn|Fn−1], ∀n ≥ 1,

and

A0 = M0 = 0, An :=

n∑
k=1

∆Ak, Mn :=

n∑
k=1

∆Mk.
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(a) Prove that (Mn)n≥0 is an F-martingale, and that (An)n≥0 is an increas-
ing F-predictable process.

(b) Prove that (Xn)n≥0 has the decomposition

Xn = X0 +Mn +An, ∀n ≥ 0.

(c) Let (A1
n)n≥0 and (A2

n)n≥0 be two F-predictable processes such that A1
0 =

A2
0 = 0. Prove that if (A1

n −A2
n)n≥0 is an F-martingale, then A1

n = A2
n, a.s. for

each n ≥ 1.
(d) Deduce that the decomposition (1) is unique, i.e. if one has

Xn = X0 + M̃n + Ãn, ∀n ≥ 0,

for some F-martingale (M̃n)n≥0 and increasing F-predictable process (Ãn)n≥0

such that M̃0 = Ã0 = 0, then An = Ãn and Mn = M̃n, a.s. for each n ≥ 1.
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